Abstract-Through experimental investigation, a thin subwavelength cavity resonator was physically realized using a bilayer structure composed of air and a negative permeability metamaterial structure one unit cell in thickness. We designed and built the metamaterial slab with periodic metallic ring structures and measured the spatial electric field magnitude in a cavity formed from this slab and a region of air, showing that a subwavelength cavity can be realized. The measured electric field magnitude distribution in the cavity matched very well with effective medium theory, showing that even a slab one unit cell in thickness may be effectively equivalent to a thin homogeneous medium as far as the construction of a sub-wavelength cavity is concerned, provided that the unit cell size is significantly smaller than the free space wavelength.
I. INTRODUCTION

E
VER SINCE negative index materials were first studied [1] , ways to utilize these materials in practical applications have been the focus of many research groups. It has been shown that a subwavelength cavity resonator can be envisioned using a bilayer structure involving a negative index metamaterial [2] . The wave vector inside a negative index material (NIM) slab is less than zero which thus allows it to advance the phase of the electric field by an amount proportional to its thickness. When a slab of right handed material is placed next to the NIM, the phase delay introduced by the positive index material (PIM) is compensated for by the NIM. Thus, the NIM acts to "undo" the phase delay accrued by the right handed material, allowing for a net phase shift of zero across this bilayer composite structure, which satisfies the condition for resonance. It was shown in [2] that when the slab thicknesses are chosen properly, the net phase delay accumulated across the bilayer structure can be equal to zero. This effect relies on a specific dispersion relation that requires one of the slabs to have a negative permeability. Conventional cavity resonators are made to be compact by loading them with a high dielectric constant material which reduces their effective wavelength, and common techniques for this can be found in [3] - [5] . In contrast, this metamaterial approach can shrink the electrical size of the cavity smaller than half a wavelength.
Li, et al. [6] reported an experimental validation of a NIMbased compact cavity resonator. In their study, the resonator effect was observed by showing that the phase variation across the air/metamaterial structure was close to zero. This showed that the metamaterial slab advances the phase of the electric field to compensate for the phase lag through the PIM slab. It was also shown experimentally that the ratio of the slabs controls the resonance and not their sum , as was originally envisioned in [2] . In our approach here, we aim to measure the amplitude distribution inside the cavity as detailed in [2] to reveal the basic physics of this class of resonator. The field magnitude spatial distribution inside the thin bilayer cavity should be approximately triangular in shape because of the discontinuous first derivatives of the electric field at the air/metamaterial boundary, which is due to change in sign in the effective permeabilities of the two slabs [2] . An experimental study that shows the effective discontinuity of the derivative of the electric field amplitude across a NIM/PIM interface is found in [7] and it is this physical effect that we will take advantage of for the realization of the compact cavity resonator. We show theoretically and experimentally that this class of subwavelength cavity resonator can be realized with a negative-only material as explored in [6] , [8] , [9] . The analysis begins by solving for the electromagnetic fields  inside a region loaded with two dielectric media with properties , and , , as seen in Fig. 1 . Throughout this paper, we suppress time convention. We aim to show that a null in the electric field very close to the bilayer interface can be 0018-926X/$25.00 © 2007 IEEE achieved that is significantly less than the required for conventional cavities. We will also show that the permittivity can be effectively neglected when a certain condition is met. An -polarized incident plane wave impinges upon the metamaterial slab of thickness . A perfect electric conducting (PEC) plate is located at (Fig. 1) , which acts to form the right side of the cavity.
II. ANALYTICAL FORMULATION
The electric fields in both regions are expressed in terms of and traveling waves as
Where is the free-space wave number and is the wave number of the metamaterial slab. Upon casting the magnetic field in terms of the electric fields given by (1) and (2) using , we solve for the reflection coefficient at the air/slab interface (3) Thus, the electric field distribution in the air is given by (4) A one dimensional resonant cavity would be formed by placing a PEC plane at any locations where . Normally this requires PEC plane separation of at least , but there are circumstances where this separation can be made shorter. If , then , and if , then . With these small argument approximations in which both layers are electrically thin, the field in the air medium is given by (5) It is evident that for , the only way for there to be a zero of close to the interface is when . Also note that there is no -dependence on the electric field when and are both small. If , then the free space fields will be essentially the same if the fields are propagating or evanescent in the metamaterial slab. In either case, a null in will occur at , which means that distance between field nulls (effectively the cavity) can be made arbitrarily small if [2] . Fig. 2 demonstrates this through calculations of theoretical electric field magnitude versus position for various slab permeabilities using (4) at a frequency of 2.5 GHz, a metamaterial slab thickness of 15 mm, and permittivity . The air/slab interface is located at . It can be seen that the null position is strongly dependent on the permeability of the slab, for as increases from 2 to 0.5, the null position pushes back closer to the . Plotting the electric field structure for different material parameters at 2.5 GHz. Variations in the slab permittivity do not alter the electric field structure significantly, and this allows us to fabricate the compact cavity resonator using a negative-metamaterial. The cavity can still be formed even if the fields are evanescent in the metamaterial slab. It is also seen how magnetic losses prevent the electric field from reaching a null in the air portion of the cavity.
interface at . This clearly tells us that the subwavelength cavity can be formed with a negative-metamaterial, even if , which will substantially simplify fabrication of such a resonator.
To confirm the weak effect the slab permittivity has on the spatial electric field structure, using (4), Fig. 3 shows for with fixed at 1 for and . It is clear that this change in does not significantly affect the spatial field structure. In fact, the distance between nulls is slightly smaller when , and thus a cavity could be made even smaller with such a bilayer structure. This is exactly the theoretical field distribution of [2] , and is what we aim to fabricate and measure in our experiment. When the real part of and have different signs, no propagation can occur inside the metamaterial slab since is imaginary, which leads to an exponentially damped field in the slab. In Fig. 3 , we observe that there is no propagation in the slab when and since the refractive index is imaginary, but the compact cavity can still be formed. This is because the requirement of continuity of tangential components of the magnetic field intensity given by (6) implies that (7) So the boundary conditions will support a discontinuity in the derivative of [2] . Because the derivative of is forced to change signs from the metamaterial slab to the air region, it quickly drops off immediately beyond the interface as can be seen in Figs. 2 and 3. This physical effect allows the shrinking of the cavity, and cannot be achievable with right handed materials because the gradient of would not be able to change signs. It is also important to note the effect that losses in the metamaterial slab have on the field structure in the cavity. Fig. 3 shows the electric field structure in the cavity for several values of permittivity and permeability. It is seen that the electric field cannot reach a null when magnetic losses are added. This is because part of the energy of the incident wave is absorbed by the metamaterial slab (mainly due to ohmic losses of the copper in practice), and the reflected wave amplitude is smaller than the incident wave amplitude, preventing a perfect standing wave pattern from forming in the air region as in the lossless case.
III. DESIGN OF THE METAMATERIAL
It is convenient to realize the required negative-material using a resonant ring structure. The rings are fabricated on FR4 substrate via standard photolithography methods. They are then cut out and placed in a styrofoam slab placeholder which is then placed inside a microstrip waveguide for electric field measurements. Capacitively loaded rings were used to realize an effective negative permeability as proposed in [10] . The ring is essentially a series circuit that produces a resonant response at the frequency , with accounting for the ohmic losses due to the finite conductivity of the metal. For a desired operating frequency, the inductance and capacitance of the ring can be chosen accordingly by controlling the trace width and gap spacing (seen in Fig. 4 ). Thicker trace widths reduce , and larger gaps reduce . Electromagnetically, the purpose of this ring structure is to provide the slab with an effective net negative permeability by inducing a large magnetic dipole moment. At frequencies just above resonance, the total impedance of the loop is positive imaginary, and thus the current in the loop which is proportional to , creates a magnetic dipole that opposes the incident magnetic field, resulting in a permeability less than unity. For a magnetically resonant material, the relative permeability can be expressed as [10] (8) The form of (8) clearly shows a paramagnetic response for slightly less than and a diamagnetic response for slightly larger than . When is right beyond , may become negative, which is exactly what we need to create our compact cavity resonator. This medium will be measured in a microstrip waveguide that has lowest order cutoff modes at 5 GHz. To be safely in a single TEM mode regime, the rings should be resonant between 2 and 3 GHz. In this frequency band, the free space wavelength is between 10-15 cm, and because the unit cells should be approximately or smaller in thickness for an effective medium picture [10] - [12] to be appropriate, we target the unit cell size to be 1-2 cm. A parametric sweep in Ansoft HFSS was used to find a ring geometry that would resonate at 2.5 GHz with a unit cell size of 1.5 cm. The resulting particle and cell design is shown in Fig. 4. Fig. 5 shows the simulated -parameters of a single unit cell, where the dip in at 2.5 GHz confirms its resonance. Fig. 6 shows the effective permeability of the ring utilizing the extraction method discussed in [13] . Fig. 6 confirms that this cell design achieves a relatively low loss negative permeability in the 2.5-2.6 GHz frequency range, as needed to realize the resonator. The extracted negative permittivity for this unit cell design was approximately 1.5.
IV. SIMULATIONS OF SPATIAL FIELD STRUCTURE
Our ultimate goal is to measure spatial field distributions like those shown in Fig. 3 using the magnetic resonant particle de- signed in Section III. At issue are the conditions under which the fields in an array of macroscopic particles match those in an idealized continuous medium. This issue was explored in [14] through full wave simulations and it was found that the fields in a metamaterial can match well with effective medium fields provided that the field measurements are made as far as possible from the individual metallic inclusions. This idea has also been confirmed experimentally in [14] , [15] .
HFSS simulations were used to confirm that the effective medium fields can be measured in experiment for this metamaterial configuration. To simulate the TEM wave impinging upon the unit cell structure, PEC and perfect magnetic conducting (PMC) boundaries were applied on the side planes parallel to and perpendicular to the plane of the ring, respectively. Because the boundary conditions imposed will create images of the unit cell in the transverse directions, this model is really simulating a metamaterial slab of infinite extent in the transverse plane of the unit cell structure. The electric field versus position was calculated along 3 different lines in the HFSS simulation, as shown in Fig. 7 . Line 1 is directly above and quite close to the copper ring, while lines 2 and 3 are along the PMC boundary and are farther from the ring. Fig. 8 shows the spatial field distributions along these 3 lines at , where . Inside the metamaterial along line 1, the fields are nothing like the effective medium fields because the quasi-static fields around the ring are much larger than the spatially averaged fields. But along lines 2 and 3, which are halfway between adjacent rings, the fields are very close to the fields predicted by effective medium theory. This suggests that the effective medium fields of this resonator structure can be essentially measured directly, provided the measurements are not made too close to the rings. In the experiment described in the next section, the fields are sampled between rings using a 7.5 mm long thin wire probe, which makes the measured fields effectively an average between lines 2 and 3. Fig. 7 . HFSS model used to show that the ring structure behaves as an effective medium. The lines show where the electric field magnitude E was plotted. On line 1, the strong quasi-static fields induced by the rings ruin the effective medium picture. On lines 2 and 3, which are spaced at the maximum distance from the ring yield a close match with the fields predicted by effective medium theory. Fig. 8 . Simulation results of the electric field inside the cavity when loaded with resonant rings shown in Fig. 7 . Notice for line 1, the quasi-static fields due to the ring dominate the spatially averaged fields yielding poor results. Lines 2 and 3, which are farther away from the ring give a reasonable match with effective medium theory.
V. EXPERIMENTAL RESULTS
To verify our theoretical and simulation results, a metamaterial slab was fabricated using the ring design of Fig. 4 . All field measurements were made inside a 38 cm long aluminum microstrip waveguide. In the center of the waveguide, the width of the upper plate is 15 cm and the conductor separation is 3 cm, providing TEM operation for . This width to height ratio is kept constant as the microstrip tapers to SMA connectors at both ends, which gives a 50 impedance at all positions along the waveguide (Fig. 9) . The upper plate contains a narrow slot through which the thin wire probe is inserted to measure the spatial field distribution.
The metamaterial slab consisted of ten unit cells in the transverse section of the waveguide, two unit cells in the vertical direction, and one unit cell in the propagation direction. Two Fig. 9 . Experimental setup showing the metamaterial slab loaded in the microstrip waveguide. All field measurements were made with a 7.5 mm wire probe that protruded through the measuring slot shown above. The waveguide was 3 cm in height and passes TEM modes for f < 5 GHz. rings each on FR4 slabs were slid into grooves cut in a Styrofoam wedge that fit snugly into the waveguide. A copper insert was used to approximate the needed PEC termination of the waveguide. Fig. 9 shows a sketch of this experimental setup. All field measurements were made using an HP8720A Network Analyzer.
An input signal was applied on the left side of the waveguide (Fig. 9) , and the sliding probe measured the field versus position. Measurements were made every 1 mm throughout the waveguide, resulting in 15 measurements inside the metamaterial unit cell. Fig. 10 overlays the theoretical, the HFSS-simulated, and the measured electric field magnitudes in the cavity. The measured fields exhibit exactly the spatial variation predicted by analytical theory, namely an approximately triangular shape and a strong field null at a distance away from the air/metamaterial interface equal to the width of the negative permeability metamaterial slab. In this case, the separation between the null and the PEC plate is very close to . These measurements clearly confirm the basic physics behind the subwavelength resonator originally described in [2] . The gradient of the electric field distribution contains essentially a near discontinuity due to the discontinuity in effective permeability, and this can produce a field null electrically close to the PEC plate. A smaller metamaterial Fig. 11 . Overlay of measured electric field in the cavity for frequencies near resonance. Notice as the frequency increases, the null in the electric field shifts closer to the interface, as expected theoretically since increases in frequency above the magnetic resonance make ! 0, and the effective size of the cavity approaches the unit cell thickness d.
unit cell might have enabled an even smaller effective cavity, but designing a low loss unit cell that is significantly smaller than the achieved here is quite challenging. Small losses in the fabricated metamaterial prevent the measured null from having precisely zero fields, as expected theoretically and shown in Fig. 3 . This simply translates to a finite resonance, as will be discussed soon. Although the rings were designed for 2.5 GHz, the gap size was at the limit of the resolution of the lithography process, and small changes in the gap size will cause the resonance to shift quite drastically, which is why the resonance in the fabricated rings occurred at 2.7 GHz and not 2.5 GHz. The measured resonant frequency of the rings in the waveguide was close to 2.7 GHz, and the measured electric field in Fig. 10 is shown at a frequency of 2.776 GHz. Fig. 11 shows the measured electric field magnitude for frequencies slightly shifted from the 2.776 GHz ( ) frequency. Below this frequency, the effective permeability will be negative and larger than unity in magnitude. Equation (5) and analytical calculations in Fig. 2 show that this results in a null farther from the interface, which is precisely what was measured at 2.728 GHz. Above the frequency, approaches zero and the null moves closer and closer to the interface, which again is observed experimentally at 2.86 GHz. The loss tangent become more sensitive to variations in this case, and becomes infinite when . This explains why the measured null becomes less and less distinct as frequency increases to where approaches zero. In order to confirm that the fabricated metamaterial slab acts as a compact cavity resonator, the slab was sandwiched in between two copper plates, leaving an air gap equal in width to the metamaterial. versus frequency was measured using the same thin wire probe placed at the air/metamaterial interface. We also measured the same in a gap of the same width but without the metamaterial. Fig. 12 shows that both the loaded and unloaded resonators exhibit a resonance at just above 5 GHz, which corresponds to the ordinary resonance for a 3 cm plate separation. The metamaterial loaded cavity also exhibits a resonance at 2.78 GHz, essentially exactly the frequency for which the spatial field distribution was consistent with a resonance. This resonance is completely absent for the unloaded cavity, as expected. These measurements clearly show strong coupling to a resonant mode that is very close to predictions by the field measurements from Fig. 10 and confirm that the metamaterial slab can indeed be used to form a subwavelength cavity through the basic physics outlined in [2] . It was noted above that, ideally, the null position should move closer to the edge of the metamaterial as tends to 0. Thus suggests that we might be able to achieve an even more compact resonator at the frequency. In this case, the effective medium picture says that the field null is located right at the interface between the air and metamaterial boundary, and the cavity effectively becomes just the metamaterial. As tends to zero, the gradient approaches zero as does the phase variation across the slab to satisfy the resonance condition. The effective medium fields for the metamaterial must vanish in this case since implies a trivial zero field solution in the slab.
Even though the effective medium fields tend towards zero everywhere in this case, the quasi-static fields associated with the unit cell structure itself do not. Thus a self resonant ring unit cell in a PEC box should be a resonator, although it will be one in which the quasi-static fields of an individual resonant particle dominate over the effective medium fields. That this structure can resonate is not surprising, because the metamaterial is composed of self-resonant objects. Each unit cell in air is by itself a resonator, and the effective medium picture simply says that one can put a unit cell in a PEC box and it will still resonate.
To test the possibility of the even smaller resonator, the copper plates were placed immediately on either side of the metamaterial slab (i.e., no air gap). The dotted line in the top panel of Fig. 12 shows the resulting versus frequency. There is a distinct resonance observed at 2.87 GHz, which is higher than the frequency as expected for a resonance. The thin wire probe couples less strongly to this mode because the field structure of the resonance is dominated by the quasi-static fields of an individual loop, in which the electric field is primarily contained in the capacitive gap of the rings. A probe better matched to this field structure would produce a stronger resonant response. In this case, the electrical size of the resonator is smaller by roughly a factor of two (now ) because the cavity has been shrunk to 15 mm. If the goal is simply to make the smallest resonator possible, this "resonant particle in a box" solution produces resonators half the size of the dual layer structure, but they appear to be quite lossy. Fig. 12 contains two panels that show the behavior of the cavity across two frequency bands. The top panel has three plots which show for various cavity configurations. The loaded plot (solid trace) was the actual measured in the cavity when the metamaterial slab was present. In this configuration, a second copper plate was added in the microstrip waveguide to form the boundaries of a cavity that was 3 cm in thickness. As can be seen, the measured response of the bilayer cavity at about 2.776 GHz tells us that we are coupling fairly strongly to a resonant mode. The unloaded plot in Copper plates were used to form the cavity, and the 7.5 mm probe was used to measure S in the center of the cavity where E was maximum.
this same panel (dashed trace) shows that this resonant mode is not present in the absence of the metamaterial slab. was measured in the middle of the cavity, where the maximum was expected. We deduce that the resonance at has a loaded quality factor of about 173. was determined using data, where it can be shown that has a Lorentzian form from which can be extracted accurately. There were not enough data points taken around the resonant frequency of to accurately determine the unloaded quality factor , and it is not our objective to extract its precise value since the already low-loss resonance yields a lower bound on . The actual resonator losses are smaller since takes into account the loading effects of the probe and network analyzer.
Next, the second copper plate was pushed in as to reduce the thickness of the cavity to size , the width of the metamaterial slab. In this setup, the air layer in the cavity was absent, and the dip in at is the resulting response of such a structure. From the figure, it appears that the of this resonance is smaller than the of the resonance. As the frequency is increased to where approaches zero, the loss tangent becomes very sensitive to variations in , and thus our response appears to be weaker. If we look at Fig. 11 , we can see that as increases to where approaches zero, it becomes harder for the to reach a null since becomes large. Again, for these measurements was probed in the center of the cavity at where was maximum. The bottom panel of Fig. 12 shows the response of the cavity between 4.5 and 5.5 GHz. In this measurement, the copper plates were 3 cm apart, and shown is when the cavity was loaded with the metamaterial slab (solid trace) as well as when the cavity was unloaded (dashed trace). The response at 5 GHz corresponds to the resonance since the cavity is 3 cm in thickness. It is clear that the presence of the metamaterial slab does not shift this resonance. The for this resonance decreases slightly upon the insertion of the slab, but this is expected and is primarily due to the ohmic losses in the copper rings since the skin depth into the copper is only a few microns.
VI. SUMMARY
The purpose of this study is to elucidate the physics behind a metamaterial loaded resonator by measuring the spatial electric field magnitude throughout a cavity composed of an air and metamaterial bilayer. Experimental results confirm that a thin subwavelength cavity resonator can be formed using a negative-only metamaterial. We have shown that the field structure inside the cavity is a strong function of the metamaterial slab permeability and weakly dependent on its permittivity when the metamaterial slab is electrically thin. Measurements clarify the thin resonator concept by showing the approximately triangular electric field distribution inside the bilayer cavity. This is important, as this study visually shows the strong relationship between field structure and the metamaterial's effective permeability. The ability to reduce the size of these resonators can lead to very interesting applications in microwave circuits. Previously, he spent two years at NASA Goddard Space Flight Center as an NRC Postdoctoral Research Associate. He is currently an Associate Professor of electrical and computer engineering at Duke University, Durham, NC. His current work is in a variety of theoretical and experimental electromagnetic problems related to geophysical remote sensing and engineered electromagnetic materials. He has developed and implemented novel techniques for upper atmospheric remote sensing using natural electromagnetic sources, lightning remote sensing, and space plasma tomography using multi-satellite radio propagation measurements. He has written or coauthored more than 65 papers in refereed journals.
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